The paper establishes some convergence theorems for Ishikawa type iteration processes associated with two and three quasi-nonexpansive mappings in a convex metric space.
Introduction
The Banach contraction principle asserts that a contraction on a complete metric space has a unique fixed point and its proof hinges on "Picard iterations". This principle is applicable to a variety of subjects such as integral equations, partial differential equations and engineering of image processing. This principle fails for nonexpansive mappings even on a Banach space. Mann [Mean value methods in iterations, Proc. Amer. Math. Soc. 4 (1953) , [506] [507] [508] [509] [510] introduced an iterative scheme to approximate fixed points of a nonexpansive mapping on a Banach space . This scheme breakes down for pseudocontractive mappings on a Hilbert space. Consequently, Ishikawa [Fixed points by a new iteration method, Proc. Amer. Math.Soc., 44 (1974) , 147-150] upgraded Mann iterative scheme. Mann and Ishikawa iterative processes for nonexpansive and quasi-nonexpansive mappings have been extensively studied in uniformly convex Banach spaces and Hilbert spaces [1, 4, 5, 8, 10, 11, 16] . Das and Debata [6] studied strong convergence of Ishikawa iterates {x n } defined by
for two quasi-nonexpansive mapings in a strictly convex Banach space. Nonlinear version of a known problem on a linear domain, is of great importance. In the literature, several mathematicians have introduced the notion of convexity in metric spaces; (see, for example, Kirk [14, 15] , Penot [18] and Takahashi [20] ).
A convex structure [20] , in a metric space (X, d) has been introduced by Takahashi [20] as a mapping W :
for all x, y, u ∈ X and α ∈ I = [0, 1]. The metric space (X, d) together with a convex structure W is known as a convex metric space. A nonempty subset C of X is convex if W (x, y, α) ∈ C for all x, y ∈ C and α ∈ I. Hadamard manifolds [3] and CAT (0) spaces [2, 13] are nonlinear examples of convex metric spaces.
A convex metric space X is said to satisfy Property(H) [7] if
for all x, y, z ∈ X and α ∈ I.
A convex metric space X is strictly convex [20] if for any x, y ∈ X and α ∈ I, there exists a unique element z ∈ X such that αd(x, y) = d(z, y) and (1 − α)d(x, y) = d(x, z) and uniformly convex [19] if for any ε > 0, there exists α ε > 0 such that d z, W x, y, ≤ r (1 − α ε ) < r for all r > 0 and x, y, z ∈ X with d (z, x) ≤ r, d (z, y) ≤ r and d (x, y) ≥ rε.
Let C be a nonempty subset of a metric space. A mapping T : C → C is:
Quasi-nonexpansive mappings are more general than nonexpansive mappings.
A nonexpansive mapping with at least one fixed point is quasi-nonexpansive.
We give the following examples. Proof. Obviously 0 is the only fixed point of T and 
Hence T is quasi-nonexpansive. However, T is not nonexpansive mapping. This is confirmed by choosing x = . Suppose C is a convex subset of X and S, T are two self mappings on C. For x 1 ∈ C, we define a sequence {x n } by
where α n , β n satisfy (i) 0 < a ≤ α n ≤ b < 1 and (ii) 0 ≤ β n ≤ β < 1. If S = I (the identity mapping), the iterates in (2) become Ishikawa iterates for one mapping in a convex metric space.
Denote the set of fixed points of T by F (T ) . Two mappings S, T : C → C satisfy Condition (I) if there exists a nondecreasing function f : [0, ∞) → [0, ∞) with f (0) = 0 and f (r) > 0 for r > 0 such that d(Sx, T y) ≥ f (d(x, F (S, T ))) for x, y ∈ C with y = W (T x, Sx, t), where 0 ≤ t ≤ β < 1, F (S, T ) is the set of common fixed points of S and T and d (x, F (S, T )) = inf {d (x, y) : y ∈ F (S, T )}.
If we set S = I in Condition (I), it becomes Condition 3 of Khan et. al. ([12] , p.3) and an analogue of the Condition (A) of Maiti and Ghosh [16] in normed spaces.
In this paper, we define and study an itetation process for two and three quasi-nonexpansive mappings on a nonlinear domain, namely, a uniformly convex metric space and prove its convergence to common fixed point of the mappings under weaker assumptions.The results established in this paper, in particular, hold for uniformly convex Banach spaces and CAT (0) spaces, simultaneously.
In the sequel, the following results are needed. [11]Let X be a uniformly convex metric space satisfying property (H). Let x ∈ X and {α n } be a sequence in [b, c] for some b, c ∈ (0, 1). If {u n } and {v n } are sequences in X such that lim sup n−→∞ d(u n , x) ≤ r, lim sup n−→∞ d(v n , x) ≤ r and lim n−→∞ d(W (u n , v n , α n ) , x) = r for some r ≥ 0, then lim n→∞ d(u n , v n ) = 0.
Convergence Analysis
Lemma 2.1. Let C be a nonempty subset of a strictly convex metric space X and T be a quasi -nonexpansive self mapping on C. Then F (T ) is closed on which T is continuous.
Proof. Let x be a limit point of F (T ) and x / ∈ F (T ) . Let r = 1 3 d (x, T x) > 0. Since x is a limit point of F (T ) , so there exists y ∈ F (T ) such that d (x, y) < r.Since T is quasi-nonexpansive, we have
This contradiction establishes that F (T ) is closed. Let x n , x ∈ F (T ) such that x n → x. So by definition of F (T ) , T (x n ) → T (x) which shows that T is continuous on F (T ) . Theorem 2.2. Let C be a nonempty, closed and convex subset of a uniformly convex complete metric space X satisfying property (H). If S and T are quasinonexpansive self mappings on C and satisfy Condition (I), then the sequence {x n } in (1.2), converges to an element of F (S, T ) .
Proof. Define C 1 = {y ∈ X : d (y, p) ≤ r} ∩ C where r = d (x 1 , p) for some x 1 ∈ C and p ∈ F (S, T ) . Then C 1 is a nonempty, closed and convex subset of C. Both T x and Sx are in C for x ∈ C. Therefore C 1 is invarient under S and T. Without loss of generality, we assume that C is bounded. For p ∈ F (S, T ) , the routine calculations give that
Hence lim n→∞ d (x n , p) = c (say) and assume that c > 0, otherwise the conclusion is obvious. Obviously, lim sup
and lim sup
Moreover, lim n→∞ d (x n+1 , p) = c gives that
In the light of (3)- (5), we apply Lemma 1.5 and get that lim n→∞ d (T y n , Sx n ) = 0. Now, with the help of Condition (I), we have that lim n→∞ d(x n , F (S, T )) = 0. For a given ε > 0, there exists N ε ≥ 1 and
is a decreasing sequence of nonempty, bounded, closed and convex subsets in a uniformly convex complete metric space and so
That is, y k → p. Since F (S, T ) is closed (F (S) and F (T ) are closed by Lemma 2.1), therefore p ∈ F (S, T ) . In view of the inequality
we get that x n → p.
We extend Theorem 2.2 for three quasi-nonexpansive self mappings R, S, T on C by modifying (2) and Condition (A) in [16] .
For any x 1 ∈ C, we define a sequence {x n } by 
for x, y ∈ C with y = W T x, W Sx, Rx, t 1−s , s where 0 ≤ s, t ≤ β < 1 and F (S, T, R) is the set of common fixed points of S, T and R. Theorem 2.3. Suppose C is a closed, convex subset of a uniformly convex metric space X satisfying property (H). If T, S and R are quasi-nonexpansive self mappings on C satisfying Condition (II), then the sequence (6) converges to an element of F (S, T, R) .
Proof. For p ∈ F (S, T, R), we consider
Further, by condition (II), we get lim n→∞ d(x n , F (S, T, R)) = 0. The rest of the proof is similar to the proof in Theorem 2.2.
Using the concept of unique point (1 − α) x ⊕ αy in the geodesic segment [x, y] from the point x to the point y in CAT (0) space X, one can see that W (x, y, α) = (1 − α) x ⊕ αy is a convex structure in X. Therefore, Theorems 2.2-2.3 are valid in CAT (0) space and are formulated as follows:
Theorem 2.4. Let C be a nonempty, closed and convex subset of a CAT (0) space. For two quasi-nonexpansive self mappings S and T on C,define {x n } by x n+1 = α n T y n ⊕ (1 − α n ) Sx n y n = β n T x n ⊕ (1 − β n ) Sx n for n ≥ 1.
If S and T satisfy Condition (I), then {x n } converges to a common fixed point of S and T.
Theorem 2.5. Let C be a nonempty, closed and convex subset of a CAT (0) space. For three quasi-nonexpansive self mappings T, S and R on C, define {x n } by xn+1 = α n ≤ β < 1 for i = 1, 2 and the mappings R, S and T satisfy Condition (II), then {x n } converges to a common fixed point of R, S and T.
